
Many possible algorithms 
Gradient descent, stochastic gradient, interior point, hard/soft thresholding, ... 
Coordinate descent (a.k.a. Shooting (Fu, 1998)) 

PARALLEL COORDINATE DESCENT FOR L1-REGULARIZED LOSS MINIMIZATION 
Joseph K. Bradley, Aapo Kyrola, Danny Bickson, Carlos Guestrin  (Select Lab, Carnegie Mellon University) 

L1-REGULARIZED REGRESSION 

SHOTGUN CONVERGENCE ANALYSIS 

Produces sparse solutions 
Useful in high-dimensional settings 

     (# features >> # examples) 
5x106 features 
3x104 samples 

Stock 
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(Kogan et al., 2009) 

Lasso (Tibshirani, 1996) 
Sparse logistic regression 
(Ng, 2004) 

Example application of regression 

Lasso (Tibshirani, 1996) 

Objective: 

Goal: Regress           on           , given samples 

Squared error L1 regularization 

where 

We use the multicore setting: 
shared memory 
low latency   

One of the fastest algorithms (Yuan et al., 2010) 

Not great empirically. 
Best for many samples, not many features. 

Analysis not for L1. 
Inherently sequential? Surprisingly, no! 

We could parallelize: 
Matrix-vector ops (E.g., interior point) 

W.r.t. samples (E.g., stochastic gradient) 
     (Zinkevich et al., 2010) 

W.r.t. features (E.g., shooting) 

PARALLELIZING OPTIMIZATION 

Shooting: Sequential Stochastic Coordinate Descent (SCD) 
Shooting Algorithm   (e.g., Shalev-Shwartz & Tewari, 2009) 

While not converged, 
Choose random coordinate j, 
Update xj (closed-form minimization): 

contour 

Shotgun: Parallel SCD 
Shotgun Algorithm 

While not converged, 
On each of P cores, 

Choose random coordinate j, 
Update xj (same as for Shooting) 

Nice case: 
Uncorrelated 
features 

Bad case: 
Correlated 
features 

Collective update: 

SHOOTING TO SHOTGUN 

Potential for Parallelism 
Theorem: 

Decrease of objective Sequential progress Interference 
If A is normalized s.t. diag(ATA)=1, 

Sum over updated coordinates 

(ATA)jk=0 for j≠k.  

(if ATA is centered) 

(ATA)jk≠0 

≤ + 
Nice case: 
Uncorrelated 
features 

Bad case: 
Correlated 
features 

Main Theorem 

Final objective 

Assume # parallel updates 

iterations 

= spectral radius of ATA 

Optimum 

Generalizes bounds 
for Shooting 
(from Shalev-Shwartz & 
Tewari, 2009) 

Nice case: Uncorrelated features 
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We can update all features at once. 

Bad case: Correlated features 

(at worst) 

We can update only 1 feature at a time. 

Experiments match the theory. 

Naive parallelization of coordinate descent works! 

7 Algorithms 
Shotgun P=8 (multicore) 
Shooting (Fu, 1998) 
Interior point (Parallel L1_LS) (Kim et al., 2007) 
Shrinkage (FPC_AS, SpaRSA) (Wen et al., 2010; Wright et al., 2009) 
Projected gradient (GPSR_BB) (Figueiredo et al., 2008) 
Iterative hard thresholding (Hard_l0) (Blumensath & Davies, 2009) 
Also ran: GLMNET, LARS, SMIDAS 

35 Datasets 
# samples n: [128, 209432] 
# features d: [128, 5845762] 

Optimization Details 
Pathwise optimization (continuation) 
Asynchronous Shotgun with atomic operations 
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Sparse Compressed Imaging Sparco (van den Berg et al., 2009) 

Hardware 
8 core AMD Opteron 8384 (2.69 GHz) 

Shotgun & Parallel L1_LS used 8 cores.  
Other algorithms are sequential. 

(Parallel) 
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Single-Pixel Camera 
(Duarte et al., 2008) 
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Large, Sparse Datasets 

λ=.5, 10 
(dense, sparse 
results) 

EXPERIMENTS: LASSO 

1 

2 

3 

4 

5 

6 

7 

8 

1 2 3 4 5 6 7 8 

Aggregated results from all tests 

Sp
ee

du
p 

# cores 

Optimal 
Lasso 
Iteration 
Speedup 

Lasso Time Speedup 

Logistic Reg. 
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Mediocre time speedups.  
But fewer iterations!  

Explanation: 
Memory wall (Wulf & McKee, 1995) 
Memory bus gets flooded. 

Logistic regression uses more FLOPS/datum. 
 Extra computation hides memory latency. 
 Better speedups! 

Shotgun Self-Speedup 

Coordinate Descent Newton (CDN)  (Yuan et al., 2010) 
Uses line search 
Extensive tests show CDN is very fast. 

SGD 
Lazy shrinkage updates (Langford et al., 
2009) 

Used best of 14 learning rates 

Algorithms 
Shooting (CDN) 
Shotgun CDN 
Stochastic Gradient Descent (SGD) 
Parallel SGD (Zinkevich et al., 2010) 

Averages results of 8 instances run in parallel 
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Zeta* dataset: low-dimensional setting 

*From the Pascal Large Scale Learning Challenge:  http://www.mlbench.org/instructions/ 
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Time (sec) 

Shotgun & Parallel SGD used 8 cores. 
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rcv1 dataset (Lewis et al, 2004): high-dimensional setting 
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Time (sec) (log scale) 

EXPERIMENTS: LOGISTIC REGRESSION 

Distributed setting 
Hybrid Shotgun + parallel SGD 
More FLOPS/datum, e.g., Group Lasso 
(Yuan and Lin, 2006) 

Alternate hardware, e.g., graphics 
processors 

http://www.select.cs.cmu.edu/projects 
Code and Data 
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